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11 A symmetry classification for a class of
(2 + 1)-nonlinear wave equation
M. Nadjafikhah∗ R. Bakhshandeh Chamazkoti†
A. Mahdipour-Shirayeh‡
Abstract
In this paper, a symmetry classification of a (2+1)-nonlinear wave
equation utt−f(u)(uxx+uyy) = 0 where f(u) is a smooth function on
u, using Lie group method, is given. The basic infinitesimal method
for calculating symmetry groups is presented, and used to determine
the general symmetry group of this (2 + 1)-nonlinear wave equation.
1 Introduction
It is well known that the symmetry group method plays an important role
in the analysis of differential equations. The history of group classification
methods goes back to Sophus Lie. The first paper on this subject is [1],
where Lie proves that a linear two-dimensional second-order PDE may admit
at most a three-parameter invariance group (apart from the trivial infinite
parameter symmetry group, which is due to linearity). He computed the
maximal invariance group of the one-dimensional heat conductivity equation
and utilized this symmetry to construct its explicit solutions. Saying it the
modern way, he performed symmetry reduction of the heat equation. Nowa-
days symmetry reduction is one of the most powerful tools for solving nonlin-
ear partial differential equations (PDEs). Recently, there have been several
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generalizations of the classical Lie group method for symmetry reductions.
Ovsiannikov [2] developed the method of partially invariant solutions. His
approach is based on the concept of an equivalence group, which is a Lie
transformation group acting in the extended space of independent variables,
functions and their derivatives, and preserving the class of partial differential
equations under study.
For many nonlinear systems, there are only explicit exact solutions avail-
able. These solutions play an important role in both mathematical analysis
and physical applications of the systems. There are a number of papers
to study (1 + 1)-nonlinear wave equations from the point of view of Lie
symmetries method. First, for solving some of the physical problems, the
quasi-linear hyperbolic equation with the form
utt = [f(u)ux]x, (1)
in [3] and later its the generalized cases
utt = [f(x, u)ux]x, utt = [f(u)ux + g(x, u)]x, (2)
in [4] and [5], respectively, are investigated. Also the most important classes
of the (1 + 1)-nonlinear wave equations with the forms
vtt = f(x, vx)vxx + g(x, vx), utt = f(x, u)uxx + g(x, u), (3)
can be found in two attempts [6] and [7] respectively. An alternative form
of Eq. (1) was also investigated by Oron and Rosenau [8] and Suhubi and
Bakkaloglu [9]. The equations
utt = F (u)uxx, utt +K(u)ut = F (u)uxx, utt +K(u)ut = F (u)uxx +H(u)ux, (4)
are classified in [10, 11, 12], respectively. Lahno et al. [13] presented the
most extensive list of symmetries of the equations
utt = uxx + F (t, x, u, ux), (5)
by using the infinitesimal Lie method, the technique of equivalence trans-
formations, and the theory of classification of abstract low-dimensional Lie
algebras. There are also some papers [14, 15, 16] devoted to the group clas-
sification of the equations of the following form:
utt = F (uxx), utt = F (ux)uxx +H(ux), utt + uxx = g(u, ux), (6)
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Studies have also been made for (2+1)-nonlinear wave equation with constant
coefficients [17, 18, 19]. In the special case the (2+ 1)-dimensional nonlinear
wave equation
utt = u
n(uxx + uyy), (7)
is investigated in [20]. The goal of this paper is to investigate the Lie sym-
metries for some class of (2 + 1)-nonlinear wave equation
utt − f(u)(uxx + uyy) = 0, (8)
where f(u) is a arbitrary smooth function of the variable u. Clearly, in Eq.
(8) case of fu = 0 namely f(u) = constant is not interest because this case
reduces the wave equation to a linear one. Similarly technics were applicable
for some classes of the nonlinear heat equations in [21, 22].
2 Symmetry Methods
Let a partial differential equation contains one dependent variable and p
independent variables. The one-parameter Lie group of transformations
xi = xi + ǫξi(x, u) +O(ǫ
2); u = u+ ǫϕ(x, u) +O(ǫ2), (9)
where i = 1, . . . , p, and ξi =
∂xi
∂ǫ
|ǫ=0, acting on (x, u)-space has as its infinites-
imal generator
v = ξi
∂
∂xi
+ ϕ
∂
∂u
, i = 1, . . . , p . (10)
Therefore, the characteristic of the vector field v given by (10) is the function
Q(x, u(1)) = ϕ(x, u)−
p∑
i=1
ξi(x, u)
∂u
∂xi
. (11)
The symmetry generator associated with (10) given by
v = ξ
∂
∂x
+ η
∂
∂y
+ τ
∂
∂t
+ ϕ
∂
∂u
. (12)
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The second prolongation of v is the vector field
v(2) = v + ϕx
∂
∂ux
+ ϕy
∂
∂uy
+ ϕt
∂
∂ut
+ ϕxx
∂
∂uxx
+ ϕxy
∂
∂uxy
+ ϕxt
∂
∂uxt
(13)
+ϕyy
∂
∂uyy
+ ϕyt
∂
∂uyt
+ ϕtt
∂
∂utt
.
with coefficient
ϕι = DιQ+ ξuxι + ηuyι + τutι, (14)
ϕι = Dι(DQ) + ξuxι + ηuyι + τutι, (15)
where Q = ϕ−ξux−ηuy−τut is the characteristic of the vector field v given
by (12) and Di represents total derivative and subscripts of u are derivative
with respect to the respective coordinates. ι and  in above could be x, y or
t coordinates. By the theorem 6.5. in [23], v(2)[utt − f(u)(uxx + uyy)] = 0
whenever
utt − f(u)(uxx + uyy) = 0. (16)
Since
v(2)[utt − f(u)(uxx + uyy)] = ϕ
tt − ϕfu(uxx + uyy)− f(u)(ϕ
xx + ϕyy),
therefore
ϕtt − ϕfu(uxx + uyy)− f(u)(ϕ
xx + ϕyy) = 0. (17)
Using the formula (15) we obtain coefficient functions ϕxx, ϕyy, ϕtt as
ϕxx = D2xQ + ξuxx + ηuyxx + τutxx, (18)
ϕyy = D2yQ+ ξuxyy + ηuyyy + τutyy, (19)
ϕtt = D2tQ+ ξuxtt + ηuytt + τuttt, (20)
where the operators Dx, Dy and Dt denote the total derivatives with respect
to x, y and t:
Dx =
∂
∂x
+ ux
∂
∂u
+ uxx
∂
∂ux
+ uxy
∂
∂uy
+ uxt
∂
∂ut
+ . . .
Dy =
∂
∂y
+ uy
∂
∂u
+ uyy
∂
∂uy
+ uyx
∂
∂ux
+ uyt
∂
∂ut
+ . . . (21)
Dt =
∂
∂t
+ ut
∂
∂u
+ utt
∂
∂ut
+ utx
∂
∂ux
+ uty
∂
∂uy
+ . . .
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and by substituting them into invariance condition (17), we are left with
a polynomial equation involving the various derivatives of u(x, y, t) whose
coefficients are certain derivatives of ξ, η, τ and ϕ. Since ξ, η, τ, ϕ only depend
on x, y, t, u we can equate the individual coefficients to zero, leading to the
complete set of determining equations:
ξ = ξ(x, t) (22)
η = η(y, t) (23)
τ = τ(x, y, t) (24)
ϕ = α(x, y, t)u+ β(x, y, t) (25)
τt = ϕu = α(x, y, t), (26)
ξtt = f(u)(ξxx − 2ϕxu) (27)
ηtt = f(u)(ηyy − 2ϕyu) (28)
τtt = f(u)(τxx + τyy) + 2ϕtu (29)
fuϕ = 2f(u)(ξx − τt) (30)
fuϕ = 2f(u)(ηy − τt) (31)
f(u)τx = ξt (32)
f(u)τy = ηt (33)
ϕtt = f(u)(ϕxx + ϕyy) (34)
3 classification of symmetries of the model
In this section we start to classify the symmetries of the nonlinear wave
equation (8). To fined a complete solution of the above system we consider
Eq. (30) and with assumption fu 6= 0 we rewrite:
ϕ = 2
f
fu
(ξx − τt) (35)
Note the case of f(u) = constant explained in introduction. Two general
cases are possible:
i)
f
fu
= c, (36)
ii)
f
fu
= g(u), (37)
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where c is a constant.
3.1 Case (i)
In this case with integrating from Eq. (36) with respect to u to obtain
f(u) = Ke
u
c , (38)
where K is an integration constant. Then the Eq. (35) reduce to
ϕ = 2c(ξx − τt). (39)
With substituting (39) into (26)-(33) we have
ξ(x) = c1x+ c2; η(y) = c1y + c3; (40)
τ(t) = c4t+ c5; ϕ = 2c(c1 − c4).
where ci, i = 1, . . . , 5, are arbitrary constants. The Lie symmetry generator
for Eq. (8) in this case (i) is
v = (c1x+ c2)
∂
∂x
+ (c1y + c3)
∂
∂y
+ (c4t+ c5)
∂
∂t
+ 2c(c1 − c4)
∂
∂u
. (41)
Therefore the symmetry algebra of the (2 + 1)-nonlinear wave equation (8)
is spanned by the vector fields
v1 = x∂x + y∂y + 2c∂u; v2 = ∂x; v3 = ∂y; v4 = t∂t − 2c∂u; v5 = ∂t. (42)
The commutation relations satisfied by generators (42) in the case (i) are
shown in table 1. The invariants associated with the infinitesimal generator
v1 are obtained by integrating the characteristic equation:
dx
x
=
dy
y
=
dt
0
=
du
2c
. (43)
and have the forms
r =
y
x
, s = t, and ω(r, s) = u(x, y, t)− 2c lnx, (44)
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Table 1: Commutation relations satisfied by infinisimal generators in Cases
(i) and (ii)
[vi,vj ] v1 v2 v3 v4 v5
v1 0 −v2 −v3 0 0
v2 v2 0 0 0 0
v3 v3 0 0 0 0
v4 0 0 0 0 −v5
v5 0 0 0 v5 0
With substituting (44) into (16) to determine the form of the function ω to
obtain
ωss = Ke
ω
c
(
(1 + r2)ωrr + 2rωr − 2c
)
, (45)
By solving this partional differential equation we obtain the reduced equation
ω(r, s) = ζ1(r) + ζ2(s), (46)
where ζ1 and ζ2 satisfy in following second-order differential equations
ζ¨1(r
2 + 1) + c1e
−
ζ1
c + 2(rζ˙1 − c) = 0; ζ¨2 +Kc1e
ζ2
c = 0, (47)
with c1, c,K, arbitrary constants. The characteristic equation associated with
v4 is
dx
0
=
dy
0
=
dt
t
=
du
−2c
, (48)
which generate the invariants x, y, t−2ce−u. Then the similarity solution is
chosen to have the form
u(x, y, t) = 2c ln
h(x, y)
t
. (49)
By substituting (49) into (16) to determine the form of the function h to
obtain
1
K
− h(x, y)(hxx + hyy) + h
2
x + h
2
y = 0, (50)
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which has the solution
h(x, y) = mx+ py + q; m2 + p2 = K−1, (51)
where m, p, q are arbitrary constants. For the remaining infinitesimal
generators v2, v3, v5, the invariants associated are the arbitrary functions
λ(y, t, u), µ(x, t, u), and ν(x, y, u) respectively.
3.2 Case (ii)
In this case we classify solution of the wave equation (8), with assumption
gu 6= 0. With substituting (34) into (27)-(28), since ξ, η and τ are not
dependent to u, therefore from
u(x, y, t, u) = 2g(u)(ξx − τt), (52)
and also from (8) and (25), we conclude
g(u) = e1u+ e2, (53)
where e1 6= 0 and e2 are arbitrary constants. Now we substitute (53) into
(37) and rewrite
fu
f
=
1
e1u+ e2
. (54)
Therefore by integrating from (54) with respect to u we have
f(u) = L(e1u+ e2)
1
e1 , (55)
where L is an integration constant. Now by considering Eq. (22)-(34), it is
not hard to find that the components ξ, η, τ and ϕ of infinitesimal generators
become
ξ(x) = c1x+ c2; η(y) = c1y + c3; (56)
τ(t) = c4t+ c5; ϕ = 2e1(c1 − c4)u+ 2e2(c1 − c4),
where ci, i = 1, . . . , 5, are arbitrary constants. From above the five infinites-
imal generators can be constructed:
v1 = x∂x + y∂y + (2e1u+ 2e2)∂u; v2 = ∂x; v3 = ∂y;
v4 = t∂t − 2(e1u+ e2)∂u; v5 = ∂t. (57)
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It is easy to check that the infinitesimal generators (57) from a closed Lie
algebra whose it’s corresponding commutation relations are coincided with
obtained results in table 1. For generator v1, the associated equations are
dx
x
=
dy
y
=
dt
0
=
du
2(e1u+ e2)
, (58)
which generate the invariants p =
y
x
, q = t, and ϑ(p, q) = (u+
e2
e1
)x−2e1 .
Consequently, the similarity solution is chosen to have the form
u(x, y, t) = ϑ(t,
y
x
)x2e1 +
e2
e1
. (59)
We substitute (60) into (16) to obtain following partional differential equation
ϑpp = Lϑ
1
e1 [(q2 + 1)ϑqq + 2qϑq(1− 2e1) + 2e1(2e1 − 1)ϑ], (60)
as an example, for particular case e1 = 1, the solution of (60) is
ϑ(p, q) = ς1(p) · ς2(q) , (61)
where ς1(p) and ς2(q) satisfy in second order equations
ς¨1 − cς
2
1 = 0; (q
2 + 1)ς¨2 − 2qς˙2 + 2ς2 − cL
−1 = 0, (62)
where c is a arbitrary constant. Also characteristic equation corresponding
generator v4 is
dx
0
=
dy
0
=
dt
t
=
du
−2(e1u+ e2)
, (63)
and so
u(x, y, t) = l(x, y)t−2e1 −
e2
e1
. (64)
Substitute (64) into (16), l(x, y) satisfies in the following equation:
L(lxx + lyy)l
(e−1
1
−1) − 2e1(2e1 + 1) = 0 . (65)
For the remaining infinitesimal generators v2, v3, v5, the invariants associ-
ated are the arbitrary functions r(y, t, u), m(x, t, u), and n(x, y, u) respec-
tively.
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4 Conclusion and new ideas
In this paper we have obtained some particular Lie point symmetries group
of the (2 + 1)-nonlinear wave equation utt − f(u)(uxx + uyy) = 0 where f(u)
is a smooth function on u, by using here the classical Lie symmetric method.
In section 2, the complete set of determining equations was obtained by
substituting the equations (18), (19) and (20) in invariance condition (17) and
then in section 3, we classify the symmetries of this nonlinear wave equation
by assumption two cases in (36) and (37) to consider
f
fu
is a constant or is
a smooth function with respect to u and fu 6= 0. The commutation relations
satisfied by infinitesimal generators in two cases are given in table 1, and
their invariants associated with the infinitesimal generators are obtained.
This method is suitable for preliminary group classification of some class of
nonlinear wave equations [6, 7].
There are some classes of (2 + 1)-nonlinear wave equations that will be
investigated by both classical or nonclassical symmetries method similarly
whose we do for classical case. For examples
utt − f(x, u)(uxx + uyy) = 0, (66)
utt − f(x, ux)(uxx + uyy) = 0, (67)
or generalized case
utt − f(x, y, u, ux)(uxx + uyy) = 0, (68)
are interested.
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